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An effective and flexible method for encoding ambiguous data is using cubic sets. The concept of incline algebraic sub- 
structure is considered and is interlinked with the notation of the cubic set to define cubic subincline. The sense of cubic 
sub incline of algebra is established with relevant results. Additionally, the results such as homomorphic image, preimage, 


cartesian product and level sets of cubic sub incline are worked out in this study, and several of its associated findings 


were looked into. 
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Introduction 


Zadeh [16] worked on a new set called as fuzzy set where the concept of uncertainty in many real 
applications are analyzed and this fuzzy set plays a vital role in the recent research. And the concept 
of interval valued fuzzy set were brought out that is membership function in terms of a collection of 
closed sub-interval of [0, 1]. Later, Atanassov [18] extended the fuzzy set into an intuitionistic fuzzy 
set by adding non membership for every element. Further, Jun et al. [4] explored a notation in which 
the first term is of interval valued fuzzy and the second term as fuzzy and is named as a cubic set. 
Many research is moving a long way with these types of sets and from those work this paper is 
motivated to work on this topic [1], [2], [8]-[15]. 


All the structure of incline algebra is introduced by Coa et al. [3] which is a generalization of both 
Boolean and Fuzzy algebras, which is associative, commutative under addition and multiplication is 
distributive over addition with xp + Xo = Xo ,X +X Yo = Xo, Yo + Xo Yo = Yo for all xg, Yo. It has both 
a semiring structure and a poset structure and this incline algebra deals with different fields such as 
the graph theory, decision making, matrices etc. 


Many algebraic structures are fused with fuzzy set was started by Rosenfeld [17]. Further many 
algebras like BF, BCK, BCI and B are successfully correlated with various kinds of fuzzy sets and the 
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incline algebra was merged with fuzzy and its generalization by Jun et al. [5]-[7]. Here, this paper is also 
merging the concept of incline algebra with cubic set and introduces the notion of cubic subincline. 
Moreover, it deals about the cartesian product, homomorphic image and some related results of the 
structure introduced. 


This work is characterized as the following sections: Section 1 introduces about the work. Section 2 


defines the needed definition of this paper and Section 3 deals with the definition of cubic subincline 
and at last Section 4 concludes the work. 


2 | Preliminaries 


This part provides some essential definitions on incline and fuzzy sets. 
Definition 1. A non-empty set (7, +,*) is an incline algebra if for all x9 , Yo ,Z) € 1 the following hold: 


— + 41s commutative and associative. 

— »* is associative and distributive (both left and right) under +. 
— Xo + X% =Xo- 

— Xq + (Xq* Yo ) = Xo. 

— Yo + (Xo * Yo) = Yo 


Definition 2. A subincline of an incline Tis a non-empty subset M of 7 which is closed under addition 
and multiplication. 


Definition 3. A fuzzy set in a universal set xv is defined as y: x — [0,1]. 


Definition 4. An interval valued fuzzy set on x is defined by C= {Xp ,V¥c(Xo)} for allxy € x where 
Yo : xX 2 D[O,1]; D[O,1] denotes the family of all closed subintervals of [0, 1]. Here 


Vo (x) =L vex) ,-vE(%o) ] forall x» € x with yk <y@ and yk ,y# are fuzzy sets. 
Definition 5. Let x be a non-empty set and a cubic fuzzy set in x is of the form 
C = { X9,V¥c(X0 ), Ve(Xo)} for all xy € x where Vo: x — D[O,1] andve : x — [0,1], where Vc (x9) is 


an interval valued fuzzy set and vc (XQ) is a fuzzy set. 


Definition 6. A non-empty set C in an incline is called a fuzzy subincline if 
A (C(x + Yo),C(Xq * Yo )) ZA ( C(X9), C(Yo )) for all xo,Yo €77. 


Here the notation for min is represented as A , rmin is represented as A and max as Y. 
3 | Cubic Subincline of Incline Algebra 
This section deals the structure of cubic subincline and some related results. 


Definition 7. Let 7 be an incline algebra and a cubic set C in Tis said to be a cubic subincline of incline 
algebra if it satisfies: 


=X (Vx + Yo ), V(Xo *Yo )) 2K ( (xo), Vo )), 
— V (V(X + Yo), V(Xo * Yo )) < V V(X), V(Yo )) for all xo Yo € 7. 


Theorem 1. Let C, and C, be two cubic subinclines of J, then so is C;M Cp. 


Proof: Let C, and C, be two cubic subinclines of 1, for all x9 ,Yo € 71. 
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Since Yc, ) & Vic) ate interval valued fuzzy sets on Cy and Cy 


>I 


(K (¥ieqnca) 0 + Yo se VC Cp) (0 * Yo ))) 


Il 
>I 


K (Vc, ) %o + Yo ), Vicy (Xo + Yo)),A (Yicq) 0 * Yo), Vic) (Xo * Yo ))) 


= K(K (Vc, )%o + Yo Vc, ) 0 * Yo )) > A Veg) (0 + Yo, Yicn) 0 * Yo )) 


>K (x (Fic) (Xo ) Vicy) (Yo ) ))K ( Vico) (Xo ), Vico) (Yo ) ) 


>K (x (Fy) (%0), Vico) (xo)) x ( Vics Yo) Vices o) ) 


= K(Vency) 0)» Vien cr) Yo ) 


KR (K(¥eynca) Ho + Yo Vc cy) 0 * Yo ))) 2 AC Veqn ca) 0 Je ¥Cyn Cz) (Yo))- 


Similarly, vic, ) and vic, are fuzzy sets on Cy and Cp. 
V (V (Vance) 0 + Yo ), Y(CyN Cp) (X0 * Yo ))) 
=v (Vv (ve, ) Xo + Yo ), VC (Xo + Yo)) NV (VE, ) (0 * Yo), VCp) (0 * Yo ))) 


=V (V (Yc, (Xo + Yo ), YC, ) (XO * Yo )) » V (Y(Cy) (XO + Yo J, VC) (Xo * Yo ))) 


<v (v (v1) (0), YC, ) (Yo) WV ( VQ) 0), YC) Yo) ) 


=v (v (V1cy) 0), MC) Hod) VY (MEQ) Yo) +Y¢Cp)(Yo) ) 
= V (Yen cp) (Xo), VGN Cp) Yo )) 
¥ (v ( UCyn cp) 0 + Yo Cy Cy) (KO * Yo )) <V (VE\nc2) 0) YCyAco) Yo)):- 


Thus Cy; M Cy, is a cubic subincline of 7. 


Theorem 2. Let the cubic set @ = {Y¥z, vg} be a cubic subincline of 1 = ¥¢ is an interval valued fuzzy 
and vey ate anti fuzzy subincline of 71. 


Proof: Let the cubic set @ = { ¥v, ve} be a cubic subincline of 7 and take xy, Yo € 71. 
Then to prove X (Fe (xo + Yo), Ve (Xp * Yo)) ZA (Ve(xo), Ye(yo)): 
(Felx + Yo)) = [ VE (Xo + Yo) Vo (Xo + yo) | 
Z>[A Lye (x0), (Yo) A [ye (x0), 72 Wo) ]I 
= [ ALE (x0), 72 Go), A [ye(y0). 72 Yo) | 


> K (Fe (x0), Fe Yo)) 


K (Feo + ¥o)) = % (Fe(%o), Fe Yo)). 


Similarly, K ( Ye(xo* yo)) =X (Ye(Xo), Pe(yo)) 


K (Yea + Yo), Pe (%o*Ya)) 2% ( K (Peta), Peo), & (Yee), Pe(ve))) 


K (Fe(Xo + Yo), Fe(%o * Yo) =X (Fe (xo), Fe(yo))- 


To prove vg is an anti-fuzzy subincline. 
Vv (ve(xo + Yo), Ve(Xo * Yo)) =yV (( — ve(%o + Yo)), (1 -— ve(xXo * vo))) 
=v ((1~ (4% +90), v% (04 +40) 
= 1=v (( viel + yo), v'o(09 +40) 
>1-v (( Ve (Xo), v'-(yo))) 
> y ((1-vile)1- v4) 


= v (ve(%), ve (Yo). 
Therefore, vg is an anti-fuzzy subincline of 71. 
Conversely, Vz is aninterval valued fuzzy subincline of 7 and vz is an anti-fuzzy subincline of 7. 
To prove (Vv, vg) is a cubic subincline of 7. 
Therefore, the proof is obvious by the definition of a cubic subincline. 
@ = (Ve ,ve) is a cubic subincline of 7. 


Definition 8. Let @, and @ be two cubic fuzzy sets of 1 and J respectively. The direct product of 
@ x €:1xI— [01] of @ and Sis defined by Jz, x@%(%o-Yo)= % We,(x0), Pes(yo)) and 


ve, x F (Xo, Yo) ay (Ve, (x0), ve,(Yo)): 
Lemma 1. Let (1,4+,+) and (4,+,*) be two incline algebra, for all (x1, 1), (%2,Y2) € 7 Xo, define 
(1,41) + (X2,Y2) = (1 +2), Yr + Yr) 5 (1,41) * (Xn, Y2) = (11 * X2),(Y1 * Yo). Then (7 xI,+4+,4) is 


also an incline algebra. 


Theorem 3. Let @ & @ be two cubic subincline of J and J respectively, then @ xX @ is a cubic 
subincline of 7 x J. 


Proof: Let Vz, , Vz, be two interval valued fuzzy cubic subincline of 7 and J respectively. 
Now, A (Ya x G(X Yi) + (2, Y2) Ve, x &% (11,1) * (Xa, y)) 


=A ( VA x® (x1 + X2), (Yy + Yo) 1VAX® (x1 * Xz), (yy * y>)) 
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IV 


aN (X ( Ve,(%1), Ve, 2) ) 1K (Ve Wi), Ve (y2))) 
=K(K (Yee), Pa a) ) » ® (Vey a) » Yee (ye))) 
=K (Va, x &% (M11) + Ve x & (X2/Y2)) 
K (Va x & (XY) + (Xa, Y2) Ve x &% (%1-Y1) * (Xp, Yo)) = KR (Ve x XY) » VER x % %2/Y2))- 
Let vg, and vg,be fuzzy subincline of and 4 respectively. 
Y (vz, xB (Xr Y1) + (Xa/Ya) Ve, x % (11) * (X2,Y2)) 
=v ( VE, x G (X1 + Xp), Yr + Y2) VE x G (1 * X2), (1 * y)) 
=v (xc +X), Ve (Yr + Yo) ) 1 ( Va, (x1 * XQ), Ve, (Yi * v2) 
= (K (van +X), ve, (% * Xp) ) N (Ve (Yr + Yo) Vey (Yi *y2))) 
<v (v (ve, (x1), Ve, (X%2) ) VY Ve Yi) Ve (y2))) 


=V (v (vz,(x1), Ve (y1) ) 1 Y ( ve, (x2) VE (y2))) 
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= V (Vg, x % (1Y1) + VE, x % (%2,Y2)) 
¥ (va, x Fy (1, Ya) + (Xa, Yo) VE, x G11) * 2, y2)) SV (VE, x &% (1M), VE, x G2, Y2))- 
Thus, @, X @ is also a cubic subincline of 7 x J. 


Definition 9. A mapping f :1— J. Let @ is a cubic subincline of 7 then the image of a cubic subincline 
of I is defined as f(@) = (Pp ,vp) where Fp(yo) =X (Fel xo Fl%) = yols V¢lYo) = ¥ {ve x )/ 
F(%0) = Yol- 


Theorem 4. Let f : 71— 2 bea mapping and @ = { ¥z, vg} is an cubic subincline of 1, then f(@) is 
also an cubic subincline of 4 where f(@) = (Vf ,v,¢) satisfies Ve(Yo) = % { Ve(Xo )/ F(X) = Yo} and 


V¢(Yo) = V { vel Xo )/ f(%o) = Yol- 

Proof: Given f : 1— J bea mapping and x1,x2 € Ssuch that f(x1) =y,, f(x2) = yo for all yy, yz € oa. 
Since @ is a cubic subincline of , K (Vay + X2), Ver *X)) = K (V1), P)). 

R= K { Ve( Xo V f(%0) = Yi + Yok where xp = x1 +X, 

Ve(Yr + Yo) =A (Ve(%1 + X21 +%2) =Yr + Yat, 


Ve(Yr + Yo) =A (Ve( 1 + X2 Vf) + f%2) = Yr + Yel, 


Ve(Yr * Yo) =% (Vel Xo )/ f(x) = 1 * Yo} where x = x1 * Xz, 

VeVi * Yo) =H { Vel x1 * x2 MV fe *%2) = * Yah, 

Vp Yr * Yo) =A { Ve x1 * X2 for) * fe) = * Yab, 

KV Yr t+ Yo) Vp * Yo)) 2A CA {Vel + X2 Vf) + f2) = + Yat, 
K {Vel +X. Vf F(X) * f%2) = 41 * Yoh) 


= ACK { Ve( xy + X2 ), Ve (x1 * Xp Wf (%1) + f 2) = Ya + Yor f(%1) * fF (%2) = Ya * Y2}) 


=K (4% {Ve x), Ve(% fr) + f%2) = Yr + Yo, fl%1) * fe) = * yp!}) 


=K (KX {Ve(%4),Ve(%2 Vf) = 1 f(%2) = Yo) 


K (KA YVe(m)/ fq) = 4b AL Ye(%2 Vf 2) = Yel) 


= KAY (y1) Vf Ya)} 

KV Yr + Yo) Ve Yr * Yo)) = AAV Yr) Vf Yo)}- 

The same procedure is followed for the falsity membership function. 

Definition 10. A mapping f on 1, if  ={ Vz, Vz} is a cubic fuzzy set in FO), @ ={ Pe, ve} is 
a cubic fuzzy set in 1 then cubic fuzzy set @ ={ Ve, ve} = Go f, Ve Xo) = (Ve? f)(%) = Va 
(% )) and ve (Xo) = (Veq? f)( Xo) = Ve Cf Ho )) in Tis called preimage of @ = { Ve, ve} under f. 


Theorem 5. An epimorphism preimage of a cubic subincline of 1 is a cubic subincline. 


Proof: Let f: 1— I be an epimorphism (1,2 are inclines) @ = { Ver vee is a cubic fuzzy set in 


fC) and @ ={ Vz, ve} be an inverse image of J under f. For x1, x. €7, 
Ve (%1 + %2) = (Va? f)(%1 + %) 

= Ve Ff (x1 + %)) 

= Ye (f (41) + f (%)) 

Ve (%1* X2) = (Ve? f)( 41 * X2) 

=Vaq (f (4 * %)) 


= Vaq F (m1) *f (%2)) 


>I 


(Ve (11 + %2), Ve (%1* M2) =A Vay F (4) +f (%2)) Vem F (41) * f (42 ))) 
zK (Ve Ff (%1)) Ve F (%2 ))) 
2K (Ve (41), Ve (%2 )) 


Ve (X+ %) = (Vee f)(%1 + X2) 
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= vy, (f (41+ %)) 

= vey (Ff (21) + f (22) 

ve (X1* X)) = (Vee f\(%1 * %) 

= vey Of (41* 22) 

= vey (f (a4) * f (22) 

V (Ye (+ a) Ve (41 Me) EV (ae (fF (ar) +f (a2) Mey OF (on) * f (22) 
<V (Vey (fF (a1) Mey (F (22) 

< V (ve (a1), Pe (22). 


Definition 11. Let & = 


{ zg} be cubic set of 7 and the cubic level subset is defined as 
Ga p={xX0 €1/ Ve %)= 


Ve, v 
a, Ve X) <p ie 


Theorem 6. For a cubic set @ = { Vz, ve} € & ()), the following are equivalent (@ (1) is the family of 
cubic sets in a set 7). 


Il @ ={ Ve, ve} isa cubic subincline of 7. 
Il. The non-empty cubic level set of @ = { Vz, ve} is a subincline of 7. 


Proof: Assume that @ = { ¥z, vg} is a cubic subincline of 71. 
Let xo ,yo € & (@ ,(@,B)) for alla €D[0, 1]; B € (0, 1]. 
Then Vz (%) => @, Ve (Yo) =A; ve (%) < B, ve (Yo) < B. 
By the definition of subincline 
K (Ye (X0+ Yo), Ve ( X0* Yo)) 2 A (Ve (%), Ve (Yo) 
=K(a,a)=a 
V (ve (X0 + Yo), Ve ( X0* Yo)) S VY (Ve (%), Ve (Yo)) 
=v (B, B)= B. 
So that xg + Yo & Xo* Yo € & (e (a, B)). 
Therefore, the non-empty cubic level subset of @ = { Vz, ve} is a subincline of 7. 


Conversely, assume that & (2 ,(@,p)) is a subincline of 7 for all B € [0, 1]; @€ D0, 1], with 
& (€ ,(@,p)) #0: 


I. Suppose that @ is not a cubic set and to prove @ is a cubic subincline of 1. There exists @ € D[0, 1] and 
Xo Yo € J such that 


K (Ve (Xo + Yo), Ve ( Xo* Yo)) <a’ 


SK (Ve (%), Ve (Yo) 


Il) 


V (ve (X0 + Yo) Ve ( X* Yo) SV (Ve (%X), Ve (Yo), 
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which implies that x9 ,Yp ES (@ 3a’, VY (ve(Xo) , Ve (Yo))), 
but (%9 + Yo), (Xo*Yo) €E(S 3a’, V (ve (Xo), Ve Yo)))- 
This is a contradiction. 


II. Now assume that @ is a cubic set but @ is not a cubic subincline, then 


K (Ve (%0 + Yo), Ve (%o* Yo) SX (Ve (Xo), Ve (Yo)) and V (ve (X0 + Yo), Ve Ho* Yo)) > Br > 
V (vz (Xo), Ve (Yo)) for some B’ € [0,1] and xp , Yop € 7. 


Thus, x) , YES (6; (Ve (%), Ve (Yo)), B’ )s 

but (Xp + Yo), (Xo*Yo) €@ (€ ; (Ve (0), Ve (Yo)), B’ ) which is a contradiction. 
III. Assume that there exists @’€ D0, 1], 6’ € [0,1] and x9 , Yo € T such that 

K (Ve (Xo + Yo) Ve ( X0* Yo)) <& SK (Ve (%), Ye (Yo)) and 

V (Ve (Xo + Yo)» Ve (Xo* Yo)) > Br > V (Ve (Xo), Ve (Yo)). 

Then % ,YoES (@ ; a’, Br) but (Xp + Yo), (Xo*Yo) ES (S 52’, Br). 

This is a contradiction. 

Hence @ is a cubic set and @ is a cubic subincline of 71. 


Therefore, & = { Vz, ve} is a cubic subincline of 7. 
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Theorem 7. For a subset 4 of 1, let @ ={ Vz, ve} € @ (1) be defined by 


- _ fa, ifxot+ yo, Xo*Yo € G, 
Ye (Xo) = es otherwise, 


and 


I ifx,+ , Xo * € MU, 
Nie (x0) = { ot Yo 0* Yo 


otherwise, 


where @€ D [0, 1],8 € [0,1] with < .a, Then 


I. If.@ isa subincline of 1 then @ = { ¥z, ve} is a cubic subincline of 7 and & (2 (a /B)) =U. 
Il. If@ ={ Ye, ve} is a cubic subincline of 1, then @ is a subincline of 7. 


Proof: Assume .W is a subincline of 71. 
Obviously, @ (e (a /B)) =U. 
Let Xo, Yo i= Tif Xo + Yo € UM then Xx + Yo 1 X9 * Yo € @ and so 


K (Ve (%0 + Yo), Ve (Xo* Yo)) = a 


Il! ee 
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<% (Ve (%) . Ve Yo) 

V (ve (Xo + Yo). Ve (o* Yo)) =1=V (Ve (%), Ve (Yo)). 
I. Ifxp + Yo, Xo* Yo ¢ @ then 

Ye (Xt Yo) =O= Fe (X* Yo) and 

(ve (%0 + Yo) =B= Ve Xo* Yo))- 


Hence, K (Vz (X%0 + Yo), Ye (X0* Yo)) 20 


= (Ve (%),Ve (Yo)) 
V (ve (Xo + Yo), Ve (%0* Yo)) 2B 
= V (6,8) 
=V (ve (Xo) Ve (Yo) )- 
I. [fx + Yo, X* Yo ¢ @ then 
Ye (%0+ Yo) =4, Ye (Xo* yo) =0 and 


(ve (Xo + Yo) =1; ve %o* Yo)) = B 
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K (Ve (Xo + Yo), Ye (X0* Yo)) 20 


= (Ve (%),Ve (Yo)) 
V (ve (Xo + Yo), Ve (%0* Yo)) SB 
=v (LB) 
=V (vg (Xo) Ve (Yo) )- 
Ill. Ifx9+ Yo, X*Yo ¢ @ then 
Ve (Xo+ Yo) =9, Pe (Xo* Yo) =a and 
(ve (% + Yo) =B; Ve %o* Yo)) = 1 


K (Ve (X0+ Yo), Ye (X0* Yo)) 29 


SK (Ve (Xo), Ve (Yo) ) 


V (ve (Xo + Yo), Ve (X0* Yo)) SB 


=v (1, B) 


=V (ve (Xo) Ve (Yo) )- 


Therefore, @ ={ Ye, vg} is a cubic subincline of 7. 


Suppose that @ = { Vg, veg} is a cubic subincline of 7. 


Xo+ Yor X0*Yo € SW then Ve (xX + Yo) = A = Ve (X* Yo); 


And (vg (X90 + Yo) =1= Ve (X0* Yo)) 


K (Ve (Xot+ Yo), Ve (%0* Yo)) = Ve (Xo) Ve (Yo) ) 


=K {#,a}>@ 


V (ve (%0 + Yo), Ve (X0* Yo)) S Vive (%), Ve ( Yo)) 


=V(11) =1. 


Thus, Xo + Yo, X9* Yo ¢ W@W and therefore, .W is a subincline of 7. 


4 | Conclusion 


The structure of cubic subincline was introduced in this paper as an extension of the interval valued 


fuzzy subincline of incline algebra and analyzed the study of cubic subincline using homomorphic image, 


preimage, cartesian product and the level subset. The same idea can also be applied and extended to 


many other substructures like regular, filter of an incline algebra for a future scope. 
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